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In causal inference it is often assumed that there is no interference between individuals, i.e., that the treatment of one individual does not affect the outcome of another. However, this assumption may not hold. For instance, in infectious disease studies, the vaccination status of one individual may affect whether another individual becomes infected ([@B5]). Similarly, encouraging one individual to vote may increase the likelihood that another individual in the same household will vote ([@B12]). Interference may also occur between students in the same classroom ([@B6]) or between households in the same neighbourhood ([@B15]), and in myriad other contexts ([@B14]; [@B10]; [@B11]).

Inference in the presence of interference is interesting, because a treatment may have multiple types of effects, but difficult, because individuals may have many potential outcomes. Recently, methods have been developed for the setting where individuals can be partitioned into groups such that there may be interference between individuals in the same group but not between individuals in different groups; this is sometimes called partial interference ([@B15]). Assuming partial interference, [@B8] defined the direct, indirect, total and overall causal effects of a treatment in randomized studies. Inference about these types of causal effects has subsequently been considered by [@B19], [@B20], [@B4], [@B9] and P. M. Aronow and C. Samii in an unpublished 2013 paper (arXiv:1305.6156), among others. For observational settings where the treatment assignment mechanism is not known, [@B17] proposed inverse probability-weighted estimators of these causal effects based on group-level propensity scores. These weighted estimators can be viewed as a generalization of the usual inverse probability-weighted estimator of the causal effect of a treatment in the absence of interference. However, in general, weighted estimators are known to have relatively large variance. Additionally, in some settings the partial interference assumption may be dubious. In this article we consider alternative weighted-type estimators that allow for general forms of interference and tend to be less variable.
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In the absence of interference, a common causal estimand is the average treatment effect, which contrasts the average outcome for the counterfactual scenario where every individual in the population is treated with that of the counterfactual scenario where every individual in the population is not treated. Similarly, in the presence of interference, causal estimands can be defined in terms of counterfactual scenarios corresponding to different treatment allocation strategies (e.g., [@B6]; [@B15]; [@B8]; [@B17]). For example, the indirect effect, defined formally below, contrasts average outcomes of untreated individuals for the counterfactual scenario where one allocation strategy is adopted in the population with those for the counterfactual scenario where some other allocation strategy is adopted in the population. Such estimands quantify interference, if present, at the population level and can be used to inform policy decisions regarding a treatment or exposure. The allocation strategy of interest will in general depend on the setting.
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In this section we propose inverse probability-weighted and Hájek-type estimators which allow for general interference; that is, no assumption is made regarding the structure or form of interference that might be present. When there is partial interference and the groups are of the same size, the inverse probability-weighted estimators defined below reduce to those proposed by [@B17]. Aronow and Samii (arXiv:1305.6156) considered similar estimators in the setting where interference may be present, but where treatment is assigned randomly according to a known experimental design.
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Another attractive property of the Hájek 2 estimators is preservation of linear transformations of the outcome. In particular, suppose that the observed outcomes $\documentclass[12pt]{minimal}
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In this section the large-sample properties of the inverse probability-weighted and Hájek-type estimators are derived assuming partial interference. In particular, assume that individuals can be partitioned into groups such that there is no interference between individuals in different groups. Within groups no additional structure is assumed regarding interference, so there may be interference between any two individuals within a group. That is, we assume the following.
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The asymptotic distributions of the inverse probability-weighted and Hájek-type estimators can be derived from standard estimating equation theory ([@B16]; [@B13]). For example, the proposition below establishes that the three direct effect estimators are asymptotically normal and gives closed-form expressions for the asymptotic variances when the propensity scores are known. The proposition entails the vector estimating equation $\documentclass[12pt]{minimal}
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A simulation study was conducted to investigate the bias, empirical standard error and average estimated standard error of the different estimators discussed in $\documentclass[12pt]{minimal}
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6. R[otavirus vaccine study in nicaragua]{.smallcaps} {#SEC6}
=====================================================

Rotavirus diarrhoea is a major health problem in Nicaragua ([@B2]). The pentavalent rotavirus vaccine was introduced in 2006. Nicaraguan infants are offered the vaccine at two, four and six months of age as part of the country's Expanded Program on Immunization. In 2010, a study to assess the impact of the immunization programme was carried out in León, Nicaragua's second largest city, with an estimated population in 2010 of close to 200 000. The Health and Demographic Surveillance Site-León was employed to obtain a simple random sample of households from 50 out of 208 randomly selected geographical clusters of equal size in León ([@B1]). For simplicity, in the following analysis the cluster sampling used to obtain these data is ignored. There were 530 households in the study, and any child in a selected household under the age of five was eligible to participate. Information was collected about each household, including water source, sanitation system, maternal education level, and the dates of birth of study participants. Each individual in the study was visited fortnightly by a fieldworker for approximately one year. At each visit information about diarrhoea episodes in the past 14 days was recorded. The primary outcome $\documentclass[12pt]{minimal}
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For each child we assumed their interference set to be other children in the same household. A mixed-effects logistic regression model of the probability of having received all three scheduled doses was fitted conditional on the following baseline covariates: child's age, categorized as 0--11 months, 12--23 months, or 24--59 months; mother's education level, categorized as primary education only or at least some secondary education; dirt household floor or not; dry or wet season; household indoor toilet, latrine, or none; indoor municipal water supply or not; and breastfeeding or not. Likelihood ratio tests from the fitted logistic model indicated that the odds of having all three doses of vaccine was higher among children whose mothers were more educated, with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p=0{\cdot}01$\end{document}$.

Effect estimates and estimated standard errors are reported in [Table 3](#T3){ref-type="table"} for the inverse probability-weighted and the two Hájek estimators for contrast function $\documentclass[12pt]{minimal}
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Table 3.Effect estimates for the rotavirus vaccine study; all values have been multiplied by $\documentclass[12pt]{minimal}
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7. D[iscussion]{.smallcaps} {#SEC7}
===========================

The inverse probability-weighted estimator and two Hájek-type estimators in $\documentclass[12pt]{minimal}
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}{}$\S$\end{document}$ 3 allow for any form of interference between individuals, with the former being unbiased in a finite-population model with known propensity scores. Assuming partial interference and random sampling of groups from a superpopulation, all three estimators are consistent and asymptotically normal when the propensity scores are known or correctly modelled. Empirical results demonstrate that the second Hájek estimator can have substantially smaller finite-sample variance than the other two estimators. One avenue of future research entails deriving the estimators' large-sample properties without assuming partial interference. Another future direction might involve developing estimators which are robust with respect to misspecification of the propensity score model. Throughout this work conditional exchangeability is assumed, i.e., treatment is assumed to be independent of potential outcomes conditional on an observable set of covariates. In future work one could investigate relaxing this assumption, perhaps via sensitivity analysis or instrumental variable methods. Finally, the target parameters in this paper utilize the Bernoulli allocation strategy proposed by [@B17]. These estimands consider the counterfactual scenario where individuals independently select treatment with equal probability. In scenarios where interference is present, it is unlikely that individual treatment selections would be independent. Therefore further interference-related research might target alternative parameters.
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Proof of Proposition 1 {#SECA.1}
======================
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}{}$\hat{Y}^{\text{ipw}}(z,\alpha)$\end{document}$ is unbiased, observe that $$\begin{matrix}
{E\{{\hat{Y}}^{\text{ipw}}(z,\alpha)\}} & {\, =} & {n^{- 1}\sum\limits_{i}\sum\limits_{z_{i},s_{i}}\frac{y_{i}(z_{i},s_{i})1(z_{i} = z)\pi(s_{i};\alpha)}{f(z_{i},s_{i} \mid l_{i},l_{\chi_{i}})}f(z_{i},s_{i} \mid l_{i},l_{\chi_{i}})} \\
 & {\, =} & {n^{- 1}\sum\limits_{i}\sum\limits_{s_{i}}y_{i}(z,s_{i})\pi(s_{i};\alpha) = \overline{y}(z,\alpha)\text{.}} \\
\end{matrix}$$
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Proof of Propositions 2 and 3 {#SECA.2}
=============================
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Proof of reduction in variance with a correctly specified propensity score model {#SECA.3}
================================================================================

Using block matrix notation, write $$U_{0}^{\ast} = \begin{pmatrix}
U_{0} & U_{\mu\gamma} \\
{0_{p \times 2}\;} & U_{\gamma} \\
\end{pmatrix},\quad V_{0}^{\ast} = \begin{pmatrix}
V_{0} & V_{\mu\gamma} \\
{V_{\mu\gamma}^{T}\;} & V_{\gamma} \\
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\end{pmatrix}$$ and therefore $$U_{0}^{\ast - 1}V_{0}^{\ast}\left( U_{0}^{\ast - 1T} \right) = \begin{Bmatrix}
{U_{0}^{- 1}V_{0}\left( U_{0}^{- 1T} \right) - U_{0}^{- 1}V_{\mu\gamma}V_{\gamma}^{- 1}V_{\mu\gamma}^{T}\left( U_{0}^{- 1T} \right)\;\;} & {\; \star} \\
 \star & {\; \star} \\
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[^2]: Est, point estimate; SE, estimated standard error.
